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A B S T R A C T  

We characterize the class of functions which occur as the entropy func- 
tion defined on the set of invariant measures of a (minimal) topological 
dynamical system. Namely, these are all non-negative affine functions h, 
defined on metrizable Choquet simplices, which are non-decreasing limits 
of upper semi-continuous functions. If h is itself upper semi-continuous 
then it can be realized as the entropy function in an expansive dynamical 
system.The constructions are done effectively using minimal almost 1-1 
extensions over a rotation of a group of p-adic integers (in the expansive 
case, the construction leads to Toeplitz flows). 

Introduct ion  

By a topological dynamica l  system (X, T) we shall mean  a compact  metric  space 

X with a cont inuous map T: X F-~ X.  The set of all invariant  measures of such 

system is well-known to be a non-empty  compact  metr izable Choquet  simplex. 

Recall tha t  a convex compact  subset  of a metric locally convex linear space is 

a Choquet  simplex if each of its points  is a barycenter  of a unique probabil-  

ity measure supported by the extreme points  (see [P1] for more informat ion  on 

simplices). In [D1] it is proved tha t  every such simplex can occur (up to affine 

homeomorphism) as the set of invariant  measures already within  the class of 

min ima l  expansive systems. 
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Let us now consider a pair (K, h), where K is a metrizable Choquet simplex 

and h is an affine flmction on A" taking values in the extended interval [0, ee]. 

We say that two such pairs (K, h) and (K', h') are i somorphic  if there exists 

an affine homeomorphism rr between Choquet simplices K and K '  such that 

h' o 7r -_- h; from now on we identify isomorphic pairs (K, h). 

In this note we will investigate possible forms of the pair (K, h), where K = 

K(X,  T) is the simplex of all T-invariant Borel probability measures on X and 

h: A" ~ [0, eel is the entropy flmction assigning to each invariant measure its 

entropy with respect to T. This pair is obviously an invariant of topological 

conjugacy, and it has been a subject of study in many contexts (see [P2] for a 

recent application). It is natural to ask the following questions: 

(1) Which pairs (K, h) are admitted in topological dynamical systems? 

(2) Which pairs (K, h) are admitted in expansive dynamical systems? 

(3) Which pairs (K, h) are admitted in minimal dynamical systems? 

In this work we will provide complete answers to questions (1)-(3). Namely, 

apart from the arbitrary choice of K (as shown in [D1]), the function h can also 

be arbitrary in the following classes: 

• AU+(K) of all affine upper semi-continuous (u.s.c.) functions on K into 

[0, oc) (hence bounded), in the case (2); 

• AL+(K) of all affine functions h: I~" ~ [0,~] which are non-decreasing 

limits of sequences of u.s.c, functions, in the case (1); 

• minimality assumption (3) imposes no additional restrictions. 

We remark that the (:lass L2 of all non-decreasing limits of sequences of u.s.c. 

functions is contained (strictly, on sufficiently rich spaces) between the first and 

second Baire class (see, e.g., [K]). 

Some parts of the statements displayed above are obvious: the entropy function 

h is always non-negative and affine. It is also well-known that this function is 

bounded and u.s.c, in expansive (even in so-called asymptotically h-expansive) 

dynamical systems (see, e.g., [Mis]). The statement concerning minimal systems 

also requires almost no effort: we have at our disposal a theorem, which can be 

directly applied here. This is namely Theorem 3 in [D-L], which is a strengthening 

of the Furstenberg Weiss theorem about replacing an arbitrary extension of a 

minimal system by a minimal almost 1-1 extension. Below we state that theorem 

in a form suitable for our purposes: 

FACT 1 ([D-L], Theorem 3): Let (X, Tx) be an arbitrary dynamical system and 
let (Z, Tz ) be a strictly ergodic non-periodic factor of(X,  Tx ). Then there exists 
a minimal dynamical system (Y, Tv) which is an almost 1-1 extension of (Z, Tz), 
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and which is Borel* isomorphic to (X, Tx). If(X, Tx) is expansivo, so is (}; Tr). 
| 

This theorem will apply because all dynamical systems which we construct 

will be extensions of a fixed odometer (hence of a strictly ergodic non-periodic 

dynamical system). We also remark that all these systems will be invertible, i.e., 

actions of honleonlorphisms. As a result, tile solution will be obtained within 

the class of Toeplitz flows (classical - -  for the expansive case, and in a slightly 

extended meaning in general). It is not necessary to quote the definition of 

Borel* isomorphism (see [D-L]); it suffices to know that, although weaker than 

topological conjugacy, it preserves the pair (K, h). 

What remains to do is: 

(a) to show that the entropy function is always in AL+; 
(b) to construct suitable dynanfical systems: an expansive one for an arbitrary 

entropy flmction h E AU+(K) on an arbitrary simplex K,  and a non- 

expansive one for h E AL+(K). 
The fact (a) can be derived from the "operator approach" to entropy represented 

in several works (see, e.g., [Mak], [G-L-W]). Namely, entropy is defined in terms 

of measurable partitions of unity (see Definition 4 in [G-L-W]), and, for a con- 

tinuous partition of unity ~, the entropy h(ffo) (denoted as ((T,~, ~) ill [G-L-W]) 

is immediately seen to be a u.s.c, function of the measure (in case of an action 

of a continuous transformation). The entropy of an operator is defined as the 

suprenmm over all measurable partitions of unity of the above entropies, and, for 

an operator induced by a transformation, it coincides with the classical notion of 

entropy (Theorem in [G-L-W]). Finally, for a continuous transformation, using 

a standard approximation argument, it is easy to select a sequence of continu- 

ous partitions of unity along which this supremum is attained universally for all 

invariant measures. This implies (a). 

Obviously, (b) constitutes the main effort of this work. In the construction we 

will be using combinatorial methods like in [D1]. The result of [D1] was later 

re-proved using very elegant and powerflll tools of strong orbit equivalence and 

the theory of dimension group (see Gjerde and Johansen [G-J] or Ormes [0]). 

It would be very interesting to adapt a dimension-group-theoretic argument to 

prove results similar to ours; however, since strong orbit equivalence does not 

preserve entropy, there seems to be no immediate way to do it. Although the 

framework of proofs is the same as in [D1], the level of complication is now 

much higher (all dynamical systems in [D1] have entropy zero). On the other 

hand, we can now ignore some technical details responsible for minimality of 
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the constructed systems (e.g., the metric d**). In any case, we shall provide all 

necessary details, so that parallel tracing of the old paper will not be necessary. 

Preliminaries 

INVARIANT MEASURES IN SUBSHIFTS. As mentioned in the Introduction, a dy- 

namical system is a pair (X, T) where X is a compact metric space and T: X ~+ X 

is continuous. It is known that in such a case the set K(X,  T) of all invariant 

(probability) measures on X is nonempty and convex, and endowed with the 

weak* topology constitutes a compact metric Choquet simplex. The extreme 

points of K(X,  T) are exactly the ergodic measures on X. 

By a subsh i f t  over  a f ini te  a l p h a b e t  we will mean a dynamical system 

(X, a) where X is a closed shift-invariant subset of E z (E denotes some finite 

set called alphabet and is always regarded as a discrete topological space), and 

where the shift map is given by a(ca)(n) := w(n + 1) (ca = (ca(n))~ez e EZ). By 

a block we will mean a finite sequence over E: B E E ~ (n E N). The collection 

of all blocks B of length n appearing in (some element of) X will be denoted by 

13n(X), while Bn is a synonym for E n. Expressions of the form B C . . . D  with 

two or more blocks will denote their concatenation. 

For subshifts, the weak* topology in the set of invariant measures coincides 

with one induced by the following metric: 
oo 

dist(p,,u) : :  ~ ~g E , . ( U B ) -  . (Us) l .  
~----t BEBn 

where UB denotes the cylinder {ca E E z : ca[0, n - 1] = B}. This metric is easily 

seen to be convex (the bails are convex). 

If C is a block, then by Pc  we will denote the (unique) invariant measure 

carried by the (periodic) orbit of the sequence obtained by periodic repetitions of 

C. We will write dist(p, C) instead of dist(#,/~c). According to this convention 

we formulate below several well-known facts concerning approximating invariant 

measures by blocks: 

FACT 2 : I1  e (X, ~r) is a subshift over a finite alphabet then: 

(1) (re > 0)(3n0 e N)(Vn > no) Bn(X) C K~(X,a)  (I( ~ denotes the e-neigh- 

borhood of the set K); 
(2) every ergodic measure on X is a limit of a sequence of blocks (with lengths 

increasing to infinity) appearing in X; 

(3) (re > 0)(3n0 e N)(Vn _> n0)(Vk e N)dist(~ki=lPc(~,,C(t)C (2)" " C  (k)) 
< e, where C (0 are blocks of length n (i = 1, 2 . . . . .  k). | 
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ODOMETERS. Let ~ :-- (Pt)tEN be a fixed increasing sequence of positive integers 

satisfying PtlPt+l. One of the possible ways of viewing the group G~ of p-adic 

integers is the following: its elements are sequences (jt)tEN E YItEl~{0,1... ,pt  - 

1} such that for each t, j t+l  =- j t  mod pt.  Addition is defined coordinatewise 

(modulo Pt on the tth axis). For g E G~ and a natural k we will write kg instead 

of g + g + . . .  + g (k times). For each t the set ptGF is a subgroup of G~ and Gp 

appears as the disjoint union of the sets ptGF-~- i (i = 0, 1 . . . . .  Pt - 1). The above 

sets are both open and closed, and, with t ranging over all natural numbers, 

they form a base for the topology in G~. (There is another representation of G~, 

namely as a subset of {0, 1 , . . .  ,Pl - 1} × 1-Itch{0, 1 . . .  p,+l _ 1} where addition 
Pt 

involves carry to the right; we will not be using this notation; see, e.g., [H-R] for 

more details.) 

The neutral element (0, 0, 0 . . . .  ) of G~ will be denoted by 0. Similarly, 1 will 

be used to denote the element (1, 1, 1 . . . .  ). We define a map T: G~ ~ G~ by 

r(g) := g + 1. The set Z := {rn(0) : n E Z} (the orbit of 0) is a dense subgroup 

homomorphic to the additive group Z of the integers. We shall identify its ele- 

ments with the integers n E Z. By an o d o m e t e r  (also called a d d i n g  mach ine )  

we mean the topological dynamical system (G~, r) .  The system (G~, T) is strictly 

ergodic and the only invariant measure is the Haar measure A. 

Topologically, the group G~ can be identified with a Cantor set ¢ embedded 

in the unit interval in a classical way. We briefly sketch the construction: At 

first we divide the interval [0, 1] into 2pl - 1 subintervals of equal lengths and we 

discard every second (open) subinterval. We are left with Pl closed subintervals. 

Then, each of them we divide into 2 ~  - 1 subintervals and we discard every 

second (open) subinterval. We are now left with p~ closed intervals. And so on. 

The intersections of ¢ with the Pt closed intervals obtained in step t represent 

the partition of Gg into the cosets p t G g +  i (i ~ O, 1 . . . . .  Pt - 1) of the subgroup 

ptGg.  

The above embedding induces the order in G~ inherited from [0, 1]. Further on, 

for g~, g2 E Gg, by [gt, g2], (g~, g2], etc., we shall understand the appropriate order 

intervals in Gg. In this embedding the neutral element 0 is sent to 0 E ~. The 

right endpoint of the Cantor set is the image of the element - 1  in Z. Generally, 

the elements of Z correspond to the endpoints of the constructed intervals. 

The Haar measure A appears as a measure (also denoted by A) on the interval, 

supported by ~. The distribution function F~ of this measure restricted to ¢ 

has the following properties: it is continuous, non-decreasing, and the preimage 

of a E [0, 1] is either a single point not belonging to Z or a pair of points from 
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Z. I t  is easy to see tha t  the second case happens  precisely for numbers  of the 

form c~ = kpt/pt+~ (k, t, s E N, 0 < k < Pt+s/Pt). We call such numbers  ~-adic 
r a t i o n a l s .  In any case, by g (a )  we shall denote the lninimunl of the pre image 

FA -1 (Oz), viewed as an element of GF. 

Definition 1: A f u n d a m e n t a l  i n t e r v a l  is an interval of the form either [0, g(a)]  

or (g(c~),g(/3)] (0 < (~ < fl). 

I t  is e lementary  to verify tha t  an order interval [0, b] or (a, b] is fundamenta l  if 

and only if its characterist ic function is continuous at  all points  of Z. The  sets 

ptGg + i are fundamenta l  intervals. 

TOEPLITZ SEQUENCES. We shall now recall some basic facts concerning 

Toepli tz  sequences and Toeplitz flows, but  only those which find direct appli- 

cat ion in this note. We refer the reader to [W] for a more complete  exposit ion. 

Definition 2 ([J-K]): Let ~ be a finite set. A T o e p l i t z  s e q u e n c e  is an element 

w E E z such tha t  

(v,,. E Z)(3p e N)(W E Z) ~o(kp + ,~) = ~o(,~), 

i.e., each posit ion in w is a periodic position. 

(It is cus tomary  to exclude periodic sequences, but  for our purposes it will 

be convenient to view them as a special case of Toeplitz sequences.) A subshift  

(X, ~r) is called a T o e p l i t z  f low if it is the shift orbit-closure of some Toepli tz  

sequence. Toepli tz  flows are well-known to be  minimal .  Note t ha t  not all e lements  

of a Toepli tz  flow are Toeplitz sequences. 

Non-periodic Toeplitz flows are character ized as total ly  disconnected expansive 

min imal  a lmost  1-1 extensions over odometers (see [Mar] or [D-K-L]). There  

is another  character izat ion of Toepli tz  sequences (including periodic sequences) 

which exhibits their connection with odometers .  We refer the reader to [D-I] for 

the proof. 

FACT 3 ([D-I], Proposi t ion  5): A sequence w E E z is Toeplitz i f  and only i f  there 

e.xists an odometer Gp and a Borel-measurable function ~: Gp ~+ E such that 

(1) ~1 is continuous at each element of Z, 

(2 )  ~ = , l l z  (i.e., ~(n) = ,j(~) ~or ca& n E Z). m 

I t  is not hard to see tha t  co is periodic with a period Pt if and only if it is obta ined 

as r/lz for a continuous function on Gg (continuous functions are exact ly  those 
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which are constant on the intervals ptGg + i, i = 0, 1 . . . . .  Pt - 1 for some index 

t). 

At this point we choose an odometer (Gg, v) which will remain fixed for the 

rest of the paper. 

Any Borel-measurable function .r/: Gg ~ E, satisfying the condition (1) above, 

will be simply called a Toep l i t z  func t ion .  Note that the discontinuity points 

of any finite-valued function form a closed set, hence Toeplitz functions are con- 

tinuous on a topologically large (dense open) set. 

From now on we will consider exclusively Toeplitz sequences in the form ~/Iz. 

We will assign the attributes of the Toeplitz flow (X,,  a) generated by the 

Toeplitz sequence 'Jllz directly to the Toeplitz function ~/. We shall thus say 

that r/is "strictly ergodic" or "has entropy zero", etc., hoping that this inexac- 

titude will cause no confusion. If ~/ is strictly ergodic, then the corresponding 

invariant measure (on E z) will be denoted by rl*. For instance, it is well-known 

that if the set of discontinuity points of ~1 has Haar measure zero, then r/is strictly 

ergodic and has entropy zero (//Iz is then called a r e g u l a r  Toep l i t z  sequence ,  

see [Mar]). 

We remark that (Gg, 7) is not always a topological factor of the Toeplitz flow 

(X,,  ~). A sufficient condition is that the Toeplitz function ~ is essentially NOT 

invariant under any rotation of Gg, i.e., that  the following holds: 

(A) (Vg' E G g  \{0})  'll(g ) ¢ 71(g + g') on an open set of elements g E G g  

(see [D21 or [D-D]). We will soon provide a technical device (the core) to ensure 

that all Toeplitz functions appearing in our constructions satisfy this condition. 

Moreover, this tool also secures that the map r/]z ~-~ 7t* becomes injective (in an 

appropriate class). 

If rl is any Toeplitz function on Gg then, for each t, the Toeplitz sequence 

aJ := r]! z splits naturally into blocks of the form aJ[rnpt, (m + 1)pt - 1]. We will 

call them t -blocks  of ~llz. By a t - code  we shall mean a function ~r sending all 

blocks over E of length Pt into blocks of the same length over another alphabet. 

A t-code applies to a flmction 7j on Gg as follows: For g E ptGg consider the 

block B := [~l(g),r/(g + 1) . . . . .  r l (g+p t  - 1)]. We set 

7r~(g + i )  := ~r(B)(i), i = 0 , 1 , . . . , p t  - 1. 

Since GF splits as the disjoint union of sets ptGF+i ,  the above defines the flmction 

7r~ on the entire group GF. It is easy to see that the image of a Toeplitz function 

is again a Toeplitz function. If y is such that (Gg, r)  is a topological factor 
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of (Xv, a) (for example, if ~? satisfies (A)) and 7e is a t-code, then the Toeplitz 

flow ( X ~ ,  a) is a topological factor of (Xv, a) (via the same code 7r applied to 

t-blocks of the elements of X,7; we need (G~, r)  to be a factor of (Xv, a) in order 

to determine how each element of X~ splits into t-blocks). 

Whenever possible, we will avoid specifying the alphabet E, saying only that 

is a finite-valued function, or that w is a sequence over a finite alphabet. This will 

allow us to freely add new symbols to the alphabet, create product alphabets, 

etc., without worrying about denoting the new alphabet. Most of the time we will 

consider finite vectors of Toeplitz functions ~ -- (Yl, ~2,- . . ,  Yd)- Such a vector is, 

of course, also a Toeplitz function (into an appropriate product alphabet), and 

the corresponding Toeplitz sequence Y[z splits into component Toeplitz sequences 

~i[z which we call rows. We reserve the subscript indices to enumerate the 

rows. For instance, if B is a block of y then Bi denotes its ith row which is 

a corresponding block of yi. Concatenations of blocks will be thus indexed by 

superscripts: B ~ -- B(1)B (2 ) . . .B  (k). Consequently, B~ j) denotes the ith row 

of the j t h  component in a concatenation of multi-row blocks. (Brackets are 

used to avoid confusion with a customary notation of repetitions of a block, 

B :=BB:..B.) 
k t imes 

QUASI-UNIFORM CONVERGENCE. The concept of quasi-uniform convergence 

was introduced by Jacobs and Keane in [J-K]. It was then exploited in [D-I]. 

Roughly speaking, two points in a dynamical system are considered close if their 

trajectories are close along a large lower Banach density subset of the time. In 

this work we will never use the original definition of the convergence, only its 

particular form valid for Toeplitz flows, namely the convergence in R. Below we 

state the minimum of necessary facts concerning that notion (in an applicable 

version), and we refer the reader to [D-I] for the proofs. For a non-negative func- 

tion f on G~, by R( f )  we denote the upper Riemann integral of f with respect 

to the Haar measure A. Note that if f is a 0-1-valued function then 

R ( f )  = A({g • G? :  f(g) = 1}). 

By convention, the distance between elements in finite sets is 0 or 1. In particular, 

if ~, ~' are finite-valued functions on G~ then R(dist(~, ~1)) is the measure A of 

the closure of the set where ~ differs from ~.  

FACT 4 ([D-I], Lemma 5): I f  ~n and ~1 are Toeplitz fnnctions on G~ and 

R(dist(,/n, ~l)) ~ 0, 
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then rln[Z ~ ~[Z quasi-uniformly. | 

Below, htop(Cd) denotes the topological entropy of the shift transformation re- 

stricted to the orbit closure of a;, while K(w) denotes the simplex of invariant 

measures of that system. 

FACT 5 ([D-I], Proposition 3 and Theorem 2): Suppose that wn and ~ are se- 

quences over a (common) finite alphabet, and that ~ --+ w quasi-uniformly. 

Then htop(W,~) -+ htop(~), and K(w,~) --+ K(w) in the Hausdorff topology (over 

the weak* topology). | 

COROLLARY 1: If, in Fact 4, the functions yn generate strictly ergodic Toeplitz 

flows, then so does ~?. Moreover, ~l* --~ ~1" and h(rff) -+ hOl* ). | 

We will also need an observation concerning the R-continuity of codes. 

LEMMA 1: If Tr is a t-code and (~ln) is a sequence of Toeplitz functions converging 

in R to a Toeplitz function 71, then the images zcTln converge in R to Zr~l. 

Proo£" It is easy to see that if R(dist(~?n, ~7)) is small, then the measure of the 

closure of the set 

{9 e ptGF : (tin(g), ~/n(9+1) . . . . .  ~?n(g+pt-1)) :/: (rl(9), r / ( g + l ) , . . . ,  rl(9+pt-1))} 

is also small, which yields that the measure of the closure of the set 

{g E G~ : zr~ln(g) ¢ Try(g)} is small, too. | 

Techn ica l  tools  

THE CORE. Our next notion is a simplified version of a concept introduced in 

[D1]. Simplification is possible, because in this work we do not care about main- 

taining the binary alphabet. Let go be an element of G~ "- Z which will remain 

fixed for the rest of this paper. Note that the interval [0, go] is fundamental. 

Definition 3: The 0-1-valued Toeplitz fimction 7/0 equal to the characteristic 

function of the interval [0, 90] will be called the core.  We say that a Toeplitz 

function ~ (and the Toeplitz sequence ~[z) has  t h e  core  if U is a vector function 

and its first row is ~0. 

The Toeplitz flow generated by Y0 will be denoted by (X 0, a). Each Toeplitz 

function ~ can be "equipped" with the core simply by taking the vector Toeplitz 

function (UO, ~/). 
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LEMMA 2: 

(1) / f  r/ has the core, then (G~, T) is a topological factor of the Toeplitz flow 

(X,1, a) generated by 71. 

(2) (Theorem 1 in [D1]) Let r~ and r/~ be two Toeplitz fimctions with core. 

Then they generate the same Toeplitz flow (X, ~) if  and only if the induced 

Toeplitz sequences r/lz and r/~lz aro equal. 

Proof." For (1) note tha t  the Toepli tz flow (X  O, ~) is a topological factor of 

(X, 1, a) (by project ion onto the first row). Thus it suffices to prove that  (X0, a)  

satisfies (A). To this end note tha t  go is the unique point where the limit of the 

function r/(> restricted to any dense subset does not exist, while go - g~ is the 

unique such point for the ro ta ted  function. Equali ty of these two fimctions on a 

dense set implies that, g' = 0. 

To prove (2), assume tha t  r/'lz = lima'~kr/lz. Passing to a subsequence if 

necessary we can assume tha t  7~k converge in Gp to some g'. Then  r/'(n) = 

l imr/(n + nk) = r/(n + g') whenever n + g' is a continuity point of r/. Because 

each n C Z is a continuity point of r/, it suffices to show tha t  g' = 0. Repeat ing 

the above argument  for the first row of r/ (and of 7/), i.e., to r/0, we obtain that. 

r/O (n) = r/0 (n +g ' )  except for at most one integer n (r/0 has only one discontinuity 

point),  i.e., on a dense set. But  r/0 was just  shown to satisfy (A), thus g' = 0. 
| 

Recall tha t  the map r / ~  r/* is defined on strictly ergodic Toeplitz functions and 

assigns to each of them the (unique) invariant measure carried by the generated 

Toeplitz flow. Clearly, r/* depends exclusively on the Toeplitz sequence r/lz. From 

Lemma 2 we immediately obtain that:  

COROLLARY 2: The map r/Iz ~ r/* is 1-1 on strictly ergodic Toeplitz sequences 

with core. | 

R-FACTORS. In [D1], whenever a strictly ergodic Toeplitz flow was needed, a 

regular one was used. Since all regular Toeplitz flows have entropy zero, we are 

forced to find a new tool. Namely, we shall fix one strictly ergodic Toeplitz flow of 

large entropy and further use only Toeplitz flows which are (close to) its factors. 

The  details follow: 

Definition 4: Let. r / be  a Toeplitz function. By an R - f a c t o r  of r /we  will mean 

any other  Toepli tz function r/~ obtained as the R-limit of images of 7/by a sequence 

of t-codes (perhaps with varying indices t). 



Vol. 135, 2003 POSSIBLE ENTROPY FUNCTIONS 231 

In particular, every continuous function or a Toeplitz function with countably 

many discontinuity points is an R-factor of any Toeplitz function. It should be 

noted that an R-limit of Toeplitz functions need not be a Toeplitz flmction, so 

this must be assmned separately. It follows easily from R-continuity of the codes 

that being an R-factor is a transitive relation. 

In fact, we afford a slight abuse of ternfinology because, as mentioned above, 

a t-code is not always a '~code" in the traditional meaning and need not lead 

to a topological factor. It does whenever 71 is such that (Gg, T) is a topological 

factor of (X~, a) (for example, if ,j has the core, a case most common in the 

forthcoming considerations). To avoid introducing yet more temfinology we use 

the term "R-factor" even when the presence of the core is not assmned. Since a 

topological factor of a strictly ergodic flow is strictly ergodic, Corollary 1 implies 

that 

LEMMA 3: An R-factor of a strictly ergodic Toeplitz fimction with core is strictly 

ergodic. | 

MIXTURE OF TOEPLITZ SEQUENCES. Our next. tool is a kind of "convex com- 

binations" of Toeplitz flmctions (hence also of Toeplitz sequences) which we call 

m ix tu r e s .  This concept was introduced in [D-I] and then exploited in sev- 

eral papers of the first, author. Part. of Lemnla 5 below is contained in [D1], 

Lenlma 3(i), but the estimates for entropy are new. We present full definition 

and proofs. Let ~ := (c~1, a.2 . . . . .  ad) be a probability vector, i.e., a finite se- 

quence of non-negative numbers whose sum is 1. We divide Gg into d subsets 

whose measures are a l ,  a2 . . . . .  (~d, respectively, in the following way: Fix some 

t c N .  F o r i = l , 2  . . . . .  d l e t  

( a ,  +ct2 + . . . + ~ )  
gi := g Pt 

(recall that 9(ct) has been defined as a point for which [0, g(a)] has Haar 

measure a). The Haar measure assigns to the fundamental intervals 

[0, gl], (gt, g'2] . . . . .  (gd-1, gd] in Gg the weights cq/pt ,  a 2 / p t , . . . ,  ad/pt  and those 

intervals form a partition of the subgroup ptGg. We define 

At(-~, 1) :=  [0, gl] U ({0, gl] ~- 1) U ([0, gl] + 2) U . . .  U ([0,91] +Pt - 1), 

and, f o r l < i _ < d ,  

A t ( ~  , i) : =  (gi--l,gi] U ((gi--l,gi] ~- 1) U ((9i-bgi]  + 2) U " "  U ((gi-l ,gi] + Pt - 1). 
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Below we sketch the set ~ for Pl = 4, P2 = 8, P3 = 24, P4 -- 72. For K = 
( 1  3 3 2) the set A2(~,3) is marked by underlining. 9 '  9 '  9 

By construction, for any natural m the integers rapt, rapt + 1 . . . .  , rapt + Pt - 1 

belong to the same set At(K,  i). For each i, the integers contained in At (5 ,  i) 

have density ai in Z (this follows from strict ergodicity of the system (G~, r)). 

Definition 5: Let 71, 72 . . . . .  7d be a finite family of Toeplitz functions defined on 

G~, and let ~ E R d be a probability vector. The m i x t u r e  Mixt(~, 71, Y2 . . . .  ,7d) 

is the function 7 defined on G~ by 

7 ( g ) : = T i ( g ) ,  i f g e A t ( ~ , i )  ( i = 1 , 2 , . . . , d ) .  

We remark that the Toeplitz functions 7/used to produce a mixture will often 

be themselves vector functions; in particular, they will have the core. It is obvious 

that if each 7i has the core then so does the mixture 7. By the previously 

observed continuity property of characteristic functions of fundamental intervals, 

7 (regardless of~)  is seen to be a Toeplitz function. The Toeplitz sequence 71z has 

the following properties: it is built by rewriting (without changing position) the t- 

blocks from the Toeplitz sequences 7i Iz; for each i the t-blocks extracted from 7i Iz 

occupy a subset of Z of density ai. Clearly, the map ~ ~-~ Mixt (~, 7"ll , 72,. •. ,  7d)  is 

continuous with respect to R. Thus, by Coroilary 1, topological entropy and the 

set of invariant measures of the generated Toeplitz flow are continuous functions 

of the vector ~. We shall soon prove that (under certain assumptions) for large t 

these functions are also affine up to a preset accuracy. But first we need another 

observation: 

LEMMA 4: A mix ture  71 o f  R-factors o f  a fixed Toeplitz  function 7oo is an R-factor  

o f  7 ~ .  

Proof: Suppose that each 7i is an R-factor of some fixed Toeplitz function 7~.  

Note that the vector-valued function ~ := (71,72 . . . . .  7d) is itself a Toeplitz 

function. Moreover, it is easy to see that ~ is an R-factor of 7~ (a vector 

of images by codes is an image by a code, and R convergence for vectors is 

"coordinatewise'). Now suppose that all the coefficients (~i are ~-adic rationals. 

Then there exists an index t I > t (where t is the "mixing index" in Mixt) such 

that all the sets At(~, i) are unions of sets of the form pt, G ~ + j  (0 < j <_ pt, - 1). 

Thus there exists a t~-code 7r sending ~ to 7, namely each block of ~ is a d × Pt 
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matrix; 7r picks from the column j a symbol from the row i where i satisfies the 

inclusion pt, G~ + j C At(-~, i). 

Any other mixture is an R-limit of the mixtures with ~-adic rational coeffi- 

cients. | 

L EMMA 5: Consider a finite family of Toeplitz functions 71,72, . . . ,  7d where each 

7i is an R-factor of a fixed strictly ergodic Toeplitz function 7~ with core. Then, 

for every ~ > O, there exists an index t such that for any probability vector ~ E R d 

the mixture 7 := Mixt(~, 71, 72 . . . .  ,7a) satisfies 

(1) dist (7", d Oz *) Ei=l  i7i ~ £ 
and 

The maps ~ ~ 7" and ~ ~-~ h(7*) are continuous. 

Proo~ By Lemma 4, 7 is an R-factor of 7~,  hence, by Lemma 3, it is strictly 

ergodic so that the meaning of 7* is definite. The last assertion follows directly 

from Corollary 1. 
The proof of (1) is a direct application of Fact 2: 

Let t be such that Pt is larger than the lengths no appearing in the assertions (1) 

and (3) of Fact 2 for e/3 and (X w , (7) for each i. We use this index t to produce the 

Toeplitz function 7 := Mixt(~, 71,72, .- . ,  7d). Let w := 71z and let B'  := w[0, kpt] 

be so long that it approximates 7" up to ~/3. Note that B ~ is a concatenation 

BO)B (2)... B (k) of t-blocks of 7ilz (i = 1, 2 . . . .  , d), the contribution of each 7ilz 

is nearly ai, and consequently 

d 

dist (~*, E aiy* ) 
/=1 

_<dis t (7* ,B ' )+dis t  B ' , - £ E P B O ~  +d i s t  1 k #B(,, ,~--,ai7 [ 
j=l i=1 

< 5 + 5 + 5  • 

We shall now prove (2). Part (1) and upper semi-continuity of the entropy 

function in symbolic systems imply that 

h(~*) < h ~7~ + 
\ i = 1  / 

if t is sufficiently large. In the proof of the reversed inequality of (2) we shall use 

the conditional variational principle (see [D-S]). Let Bt (7i) denote the collection 
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of all t-blocks of r/~lz (13t(~l) and 13t(~) will have analogous meaning). By strict 

ergodicity, the variational principle, and a well-known formula for the topological 

entropy of a subshift, we have 

h(r/*) = linl 1 log4p/3t(r/i) 
t - ~  Pt 

and 

(i -- 1,2 . . . . .  d), 

h(rl* ) = lira --1 log#Bt(~), 
t--+o¢ Pt 

while the topological entropy of the Toeplitz flow generated by T/ := 

('r11, ~12 . . . . .  .rlg ) equals 

htop(Y/) = lim --1 log#Bt(~). 
t ~  Pt  

Now suppose that. ~ consists of ~-adic rational numbers, ~i = kiPt/Pt+s 

(s C N). Then every (t + s)-block of ~lz decomposes into t-blocks of ~ilz, and the 

number of t-blocks coming from zlilz is ki. Consider a t-block D of ~lz- It can 

be regarded as a d x Pt matrix such that, for each i, the ith row is a t-block of 

~ilz, this row denoted by Di. By a straightforward interpretation of the defini- 

tion introduced in [D-S], the topological conditional entropy of the Toeplitz flow 

generated by ~lz with respect to the factor generated by ~ilz is equal to 

lim sup l l o g # { D C B t ( ~ ) : D i = B } .  
t~e~ BEl3t(~i) Pt 

On the other hand, by the mentioned conditional variational principle and 

strict ergodieity of rli, the above topological conditional entropy is also equal to 

htop(~) - h(~l*). We can assume that t is an index for which the element of the 

above displayed sequence differs from its limit by less than e, for each i: 

1 
sup - - l o g # { D  e Bt(~): Di = B} < htop(~) - h( , l ; )+  e. 

BEBt0?i) Pt 

A given (t + s)-block D' of Ulz gives rise to a (t + s)-block B' of zllz in the 

following way: D' is a concatenation D(1)D ( 2 ) . . . D  (q) (where q := Pt+s/pt) of 

t-blocks of qlz- Fronl each D(J) we pick one row B(Y):= D}/]) that t is 

the "mixing index" in Mixt), where the indices i ( j )  do not depend on D' (they 

are determined by the probability vector ~). Then the concatenation B'  := 

B(*)B (2) . . .  B (q) is a (t + s)-block of 7]lz. The number of all (t + s)-blocks D' of 

Ulz is equal to the sum, over all (t + s)-blocks B'  of vlz, of the numbers of those 

blocks D' which yield B'. Each sulnmand is not larger than the product, over all 
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component t-blocks B (j) of B ~, of the numbers of all possible matrices D having 

B (j) in its i ( j ) th  row: 

Pt+s/Pt 

_< H #(D • = B(5)}. 
BC/3t+~ (Olz) j = l  

Applying the previous estimate and the fact that, regardless of B' ,  i ( j )  assumes 

a value i exactly k.i times, we obtain 

d 

#t3t+,( lz) -< #th+8 (Tllz) H 
i=1 

This leads to the following estimate: 

d 

1 log#Bt+~(~lz) _< 1 log#t~t÷~(,~lz) + Z o q ( h t o p ( ~ )  - h(~/*) + e). 
Pt+s Pt+s i=1 

Passing with s to infinity, canceling o u t  h t o p (~ )  and rearranging the items we 

obtain the desired lower bound for h(~/*): 

d 

i=1 

For remaining values of the vector ~ the assertion now follows from continuous 

dependence of entropy on this vector. II 

LOWERING THE ENTROPY. In this section we show how to find, for a given 

R-factor ~, a nearby R-factor with preset entropy smaller than h(*l*). 

LEMMA 6: Let  'r l be an R-factor  of  ~1~. For each ~ > 0 and 0 < ~ < h(z/*) 

there exists an R-factor  ~ o f  II~ such that fl* is within e-distance from 71" and 

h(fl*) = n. Moreover, ~lz is built o f t -b locks  of  ~llz which are within ~-distance 

from Zl*. 

Proof." Find t such that Pt is larger than no in (1) and (3) in Fact 2 for 

e/2. Fix some t-block C of ~/Iz. Let ~lc denote the continuous function on 

G F such that r/~ = Pc  (recall that P c  is the measure carried by the peri- 

odic orbit o f . - .  C C C . . . ) .  Clearly, h ( p c )  = 0, hence, for some a, the mixture 

7) := Mixt((c~, 1 - ct), 71, ~lc) has entropy equal to ~. By Lemma 4, f/is still an 

R-factor of r/oo. By (3) in Fact 2, and convexity of the metric "dist", any measure 

generated by an infinite concatenation of t-blocks of rllz is within e-distance from 

T/*, and so is '0% I 
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Itomeomorphic realization 

The following statement provides us with yet another tool for the final construc- 

tion. 

LEMMA 7 (comp. Theorem 1 in [D1]): Let K be a compact subset of a metric 

space. For every 0 < 7 < 1, not a ~-adic rational, there exists a map x ~ Ox 

defined on K,  into the collection of strictly ergodic 0-1 Toeplitz functions such 

that: 

(1) for each x E I f ,  the Toeplitz function Ox has at most countably many 

discontinuity points (hence is strictly ergodic), 

(2) each Ox assumes the value 0 on the interval (g(7) , -1] ,  

(3) the map x ~-~ Oxiz is injective, 

(4) the map x ~-+ Ox is continuous in R. 

Proof'. Let al,  a2 . . . .  be a sequence of strictly positive functions which separate 

points of K and such that ~--~k ak = 7- Clearly, the map x ~ (ak(X))ke~ is an 

injective embedding of K into the Hilbert cube. For each x E K let 0x be the 

function on G~ defined as follows: 

1 i fg  E [0, b~] 
0 if g E (b2i-l,b2i], i E N 

Ox(g):= 1 i f g E  (b2i,b2i+l], i E N  
0 if g E (g(7) , -1]  

) where bk := g ~-:~i=1 ai(x) . The value of 0x at g(7) is inessential. As is easy to 

observe, every 0x is a Toeplitz function. All required properties of this assignment 

follow immediately. I 

It is well-known that for every t~ 2 0 there exists a Toeplitz sequence w 

generating a strictly ergodic Toeplitz flow of entropy equal to h; and which is 

an almost 1-1 extension of (Gg, r) .  Let ~?oo be a Toeplitz function on Gg whose 

restriction to Z is w. We assign to each x E K the vector Toeplitz function with 

three rows: 

Each fix (or rlxlz ) has three rows: the first row is the core, the second row with 

countably many discontinuities is responsible for the map x ~ r/x being injective, 

and the third row is responsible for entropy. Below we summarize the properties 

of this new assignment. 
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COROLLARY 3: With the assumptions of Lemma 7, and for any positive ~, there 

exists a map x ~-~ ~lx from K into three-row (with core) R-factors of some strictly 

ergodic Toeplitz function 71~, such that x ~-~ ~1" is a homeomorphism (onto its 

image). Moreover, the entropy of every measure tlx is equal to t~. 

Proo~ Since the function ~0 and each 0~ have countably many discontinuities, 

they are R-factors of any Toeplitz function defined on G F. Thus ~x is an R---factor 

of ~ .  Since every ~x has the core, Corollary 2 and Lemma 7 imply that  the 

map x ~+ ~ is injective. It  is also continuous by Corollary 1. The statement 

concerning entropy is trivial (entropy of the first two rows is zero). | 

T h e  e x p a n s i v e  case  

We are about to present a construction of a subshift with a preset pair (K, h), 

where h is upper semi-continuous. But first we shall need an elementary lemma 

concerning u.s.c, fimctions on compact sets: 

LEMMA 8: Let f be a continuous real-valued function defined on a compact 

subset K of a metric space M. Let h be a u.s.c, function defined on i~i such that 

h ~ f on I(. Then there exists a positive number ~ such that 

(x I;, y M, d(x, y) < </ (x ) .  

Proof: If not, then we can find two sequences of points: (Xn) in K and (Yn) 

in M, converging to a common limit x0, such that  h(yn) >_ f (xn) .  Then using 

upper semi-continuity, the assumed inequality, and continuity, respectively, we 

obtain 

h(xo) = h( l imy, )  _> limh(yn) >_ l imf (xn )  = f (xo) ,  

a contradiction, because x0 belongs to K.  | 

The first main result of this work follows now: 

THEOREM 1: Let K be a compact metrizable Choquet simplex, and let f be a 

(bounded) non-negative atone u.s.c, function oil K.  Then there exists a Toeplitz 

flow (Y, a) (a minimal symbolic almost 1-1 extension of (G~, T)), and an attine 

(onto) homeomorphism ¢*: K ~ K(~ ' , a ) ,  such that for every x E K,  f ( x )  -- 

h(¢*(x)), where h denotes the entropy function on I((Y,  ~r). 

Proof" The proof will be divided into several labeled stages. 
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STAGE 1. PRELIMINARY RESHAPING: By the properties of f, we can find a 

strictly decreasing sequence (fn)n>_ t of continuous affine functions on h ' ,  converg- 

ing to f .  According to Theorem 9 in [E], we can represent K as the intersection 

of a descending sequence of metrizable Bauer simplices (Bn)n_>l in some locally 

convex linear space. (Recall that  a Bauer simplex is a Choquet simplex whose 

extreme points form a closed set.) By the Hahn-Banach theorem, each fn can be 

extended to an aITine continuous flmetion defined on the largest simplex B1. Re- 

placing, if necessary, (Bn) by a subsequence, we can arrange that  0 < fn+l < f ,  

on Bn+l, for every n > 1. Additionally, we let fo be a constant function (equal 

to some ~) defined on B1, strictly larger than f l .  We choose a decreasing to zero 

sequence (Pn)~>_0 of positive numbers such that  

(i) f n  < fn-1 --Pn-1 on B n 

for any n > 1. 

STAGE 2. INDUCTIVE CONSTRUCTION: We will construct inductively a se- 

quence of homeomorphic maps Cn defined on ex Bn and taking values in the set 

of three-row R-factors of some strictly ergodie Toeplitz function ~oo. Then we de- 

fine the maps ¢* in a natural  way, by ¢*(e) := ~t*, where rl := 4),,(e) (e E ex Bn). 

The atfine extensions of 0" will converge on K to an afline homeomorphism. 

Each image 0n(e) will have three rows: the first with the core, the second row 

responsible for the maps being injective, and the third row where we play with 

the entropy. 

STEP 1: Fix some ~0, not a i5-adic rational. Corollary 3 applied to the compact 

set ex B1 and 3, -- ~0 yields a map ¢5 from ex B1 into strictly ergodic (three-row) 

Toeplitz functions with core, of entropy equal to g (i.e., to the constant function 

f0), R-factors of a fixed strictly ergodic Toeplitz function ~1~. Moreover, the map 

0~ is a homeomorphism. Consider the affine extension of that  map to all of Bl: 

de x B~ 

where u~ is the unique measure on ex B1 with barycenter at x. Since in Bauer 

simplices (unlike in general Choquet simplices) the map x ~-+ v~ is continuous, the 

extended map ¢~ is also continuous on B1. As the extreme points of B1 are sent 

to ergodic measures (hence extreme points among all invariant measures), the 

map 0~ is an isomorphism (i.e., an affine homeomorphism) of Bauer simplices. 

Inductive assumption: Suppose that  for some n > 1 we have defined a map On 

from ex Bn into (three-row) R-factors of ~?oc having the core in the first row, at 
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most countably many discontinuities in the second row, so that  Cn is a homeo- 

morphism, and 

(ii) fn(e) < h((~,*(e)) < f n _ l ( e )  -]- p 'n-1, 

for every e C ex Bn. 

As before, we extend 0~'~ to an affine homeomorphism on all of Bn. Clearly, 

the inequality (ii) remains valid for this extended map (all involved functions are 

affine). We also assume that  a positive number ~ _  1 has been chosen. 

Inductive step: We shall soon construct a map Cn+l with the properties like in 

the inductive assumption (with n replaced by n + 1). Moreover, we will assure 

that  the new map differs from the old one by a controlled uniform distance. First 

we need to choose a few auxiliary positive numbers. Let 0 < ~ < ~n-1/3 be so 

small that  

(iii) d(x, y) >_ P n ~  dist (¢*(x), ¢~(y)) >_ ~n 

for any x, y C Bn, and 

(iv) * X dist ( ¢ n ( ) , p )  < ~ n ~ h ( # )  < fn - l (X)  + Pn--1, 

for any x in Bn and any shift-invariant measure # (see (ii) and Lemma 8). Choose 

0 < e < min{pn/2, (n/4}, not a ~-adic rational. Finally, pick a 5 > 0 such that  if 

x, y c Bn then 

(v) d(x ,y)  < 6:::==~dist(¢*~(x),O~(y)) < e and I f n ( x ) -  f,~(y)[ < e. 

We are in position to start  the construction: 

Choose a finite 5-dense subset {el, ¢2 . . . . .  ed} in exB,,.  Let S denote the finite- 

dimensional simplex S := conv{el, e2 , . . . ,  ed}. For every point x C Bn the set 

Sx := {y E S : d(x, y) < 5} is nonempty, convex, and the multifunction x ~ Sx 

is lower semi-continuous. Applying Theorem 3.1 m in [Mic], we can choose a 

continuous selector s: Bn ~ S such that  d(s(x) ,x )  < 6. For each x, s(x) can 
d be written as a convex combination ~ = 1  a~(x)e~, with a continuous coefficient 

vector 

~(.T) : :  (O~l(X), os2(x), . . . ,  OLd(X)). 

Let ~i := Cn(e~). By the inductive assumption (ii) we have fn(ei) < h(y*). 

Thus, using Lemma 6 we can replace each Toeplitz function ~i by another R- 

factor of q~ ,  say ~i, built of t-blocks of ~i approximating the measure ~* up to e, 
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and such that 7)~ has entropy equal to fn(ei). The parameter t in this statement 

can be chosen common for all i. To each probability d-vector ~ we associate the 
d point s~ := ~~i=l c~iei • S and define 

d 
: =  

i-----1 

Clearly, since h ¢,~(i) = h(~i) = f~(ei), we have 

(vi) h(O,,(s))=f,,(s) 
on S. Moreover, since we are using a convex metric oi: measures, 

* 8  ~ * 8  (vi') dist ( O n : ) , ¢ n ( ) )  < e. 

By a direct application of Lemma 5, for a suitable index t / > t, the map 

¢ ( s : )  := Mixt, (~, f/i, 7)2 . . . .  , f/d) 

sends the points of S to R-factors of ~1~o so that 

dist 
k-- ] 

(vii) 

and 

(vii') h(~z*(s ) )  - h ( g , * ( s ) )  < e, 

and the map '~,* is continuous. Moreover, all images of the map */, induce se- 

quences built of the t'-blocks appearing in ~)i and hence of t-blocks of Cn(ei) 

approximating ¢*(ei) up to e (i = 1, 2 . . . . .  d). The composition 

x ¢ ( s ( x ) )  

is defined on all of Bn, hence also on ex Bn+i. It has all required properties of 

¢n+1 (which we discuss in a moment) except being injective. Thus we need to 

slightly modify the middle row. Let 0" denote the middle row of ¢(s(x)), and let 

0~ be the homeomorphism of Lemma 7 applied to the compact set exBn+l  and 

7 (which we specify in a moment). For each x • exBn+l  we define 0x as 

{0x~(g) i f ge [O ,g (7 ) ] ,  
Ox(g) := O'(g) i fg  • (g(7) , -1] .  
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We let (~n.t-l(X) be the three-row Toeplitz function obtained from ¢(s(x)) by 

replacing its middle row 0~ by Ox. By another application of R-continuity it is 

seen that if 7 is chosen small enough then 

(viii) dist (~/,(s(x)), ¢~+l(X)) < e. 

Clearly, the entropy of ¢*+1(x) is the same as that of ¢*(s(x)),  for every x E 

ex B~+I. Moreover, if 7 < 1/pt then [0, g(7)] C ptGg, hence 

(ix) 
(~n+l(X)l z is built of the t-blocks of (~n(ei)lZ (i : 1, 2 . . . . .  d) 

changed (perhaps) only at the first position (in the middle row). 

m 

Still, each Cn+l(x) is an R-factor of r/~, tile snap (~n+l is injective (because so 

is x ~-~ 0x~l[0,g(-~)j) and continuous (because so are all component assigmnents). It 

remains to verify the estimates. Fix an element e of exBn+l  and consider the 

following sequence of measures: 

¢,:(e)  

Each arrow represents a move by at most ¢. The first one - -  by (v) and because 

d(e, s(e)) < 5, the second - -  by (vi'), third by (vii), and fourth - -  by (viii). 

This means that 

(x) dist (¢*~(e),¢*~+l(e)) < 4e < ~ .  

By convexity of the metric, the above also holds for the extended affine map  g~n+l 

on all of Bn+l. 
For entropies, we start from the central term ~)*(s(c)), whose entropy equals 

.f~(s(e)) (see (vi)), which is within e from fn(e) (see (v)). By (vii'), h(~,*(s(e))) 
differs fi'om that by at most another ~. Finally, we pass to ¢*+1(e) without 

change in entropy. Since 2¢ < Pn~ we have shown that 

< A ( e )  - pn < < + 

(see (i) for the first inequality) and the inductive assumption (ii) is fulfilled for 

n + l .  

STAGE 3. THE LIMIT MAP: Obviously, on the Choquet simplex K we have 

defined an infinite sequence of maps Ca" Because the uniform distance between 

the nth and (n + 1)st map is not larger than ~n~ and since ~n form a convergent 

series (recall that ~,~ < ~n-1/3), these maps converge on K uniformly to a map 
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¢* (with values in the set of the shift-invariant measures). Clearly, this map 

is continuous and affine. Moreover, the uniform distance between ¢* and ¢* ftl 

satisfies, for n < m, 

oo 

(xi) dist (¢~ ,¢*)  <_ ~ ~k < ~,~/2. 
k = n + l  

Obviously, the same holds, if ¢*  is replaced by ¢*. It follows that ¢* is also 1-1. 

Indeed, if x ¢ y then d(x ,y)  >_ Pn for some n. By (iii), the nth map separates 

the images by ~ .  The limit map can move each of them by less than ~ / 2 ,  thus 

they remain distinct. We have proved that 0" is an isomorphism of Choquet 

simplices. 

For entropies, the first inequality in (ii) and upper semi-continuity of the en- 

tropy function yield f ( x )  <_ h(¢*(x)). On the other hand, (xi) and (iv) imply 

that h(¢*(x)) < fi~-l(X) + P~-I for every n, hence h(~*(x)) = S(x). 

STAGE 4. THE DYNAMICAL SYSTEM (}~O'):  W e  will now indicate a symbolic 

dynamical system (}\ a) whose set of invariant measures coincides with the image 

¢* (K). Moreover, we will show that (}'; G) is a topological extension of (GF, T). 

The idea is very natural: we let 

} " :=  N U U 
n > l  k>n  eEexBk 

where O(w) denotes the shift-orbit of a sequence w. The fact that for every x E K 

the measure ¢* (x) is supported by Y follows immediately from the well-known 

lower semi-continuity of the map assigning to a measure its topological support; 

the topological support of ¢~(x) is contained in Ueee× Bk O(¢k(e)lz)" 
We need to prove the converse, i.e., that every invariant measure on Y has 

the form q~*(x) (x E K).  This inclusion does not follow from any general fact 

(it may happen that a limit of invariant sets supports an invariant measure not 

approximated by measures supported by these sets), and we need to refer to some 

particularities of our construction. First observe that it suffices to examine only 

the ergodic measures carried by Y. For an ergodic measure u we find in Y a 

long block C well approximating this measure. We can arrange that the length 

of C is kpt, where t is the index appearing in a far inductive step n + 1. By 

definition of Y, C occurs in ¢n,(e)lz for some n I > n and e c exBn,.  But, by 

a recursive application of (ix), everything built after step n is a concatenation 

of the t-blocks appearing in ¢~(ei) (i = 1, 2 . . . . .  d), changed perhaps at the first 

position (this inaccuracy we can ignore). Thus, by (3) in Fact 2, and convexity of 
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the metric, C (hence also u) is within a small distance from a convex combination 

of measures appearing in Cn(exB~), hence from a measure ¢~(x~) (Xn E Bn). 
We have obtained that  u = lim~ ¢*(xn). We can assume that  Xn converge to 

some x E K.  Then, for m > n the map ¢* is defined at x,~ and we have the 

following approximation: 

where each arrow represents a small move (use (xi)). Thus u = ¢* (x), as required. 

What  remains to show is that  (1~: ¢) has (G F, T) as a factor. This follows 

immediately, because Y projects (by projection on the first row) onto the Toeplitz 

flow (X 0, ~), which has (G F, r)  as a factor. 

At the end we apply Fact 1 and we replace (!% a) by a Borel* conjugate Toeplitz 

flow. This completes the proof. | 

T h e  g e n e r a l  case  

Our approach to the general case is based on constructing nmlti-row subshifts 

which are R-factors of a strictly ergodic dynamical system with infinite entropy. 

We shall need to modify some of our technical tools. 

Definition 6: By a v e c t o r  Toep l i t z  f u n c t i o n  we shall mean a countable (or 

finite) vector of Toeplitz functions ~ := (~tl, ~2 . . . .  ) (or r 1 := (rh, 712,..., ~ ) ;  from 

now on the bar is reserved to indicate Toeplitz flmctions with infinitely many 

rows). 

A vector Toeplitz flmction can be interpreted as a function into the compact 

metric space obtained as the product of the finite alphabets used by the functions 

~j. By adjoining to each of these alphabets an additional symbol (interpreted 

as "nothing") we can view all vector functions as functions with infinitely many 

rows. For a function into such an alphabet to be a Toeplitz function is again 

equivalent to the condition of pointwise continuity at each element of Z. We 

say that  a sequence ~n of such vector flmctions c o n v e r g e s  in R to some vector 

function ~ if dist(~n,~) ~ 0 in R. In this sense vector flmctions with finitely 

many rows (but with the number of rows tending to infinity) may converge in R 

to a vector flmction with countably many (non-void) rows. The sequence ~lz can 

be interpreted as a sequence over a compact totally disconnected space. So, it 

generates (by shift-orbit closure) a totally disconnected dynamical system which 

is a topological joining of the Toeplitz flows generated individually by the rows 

rlj tz. 
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For any finite subset A of N, A = {al, a2 . . . . .  a n } ,  the vector Toeplitz function 

r/A :---- (rlal,~a2,.. . ,rh~) generates a dynamical system which is a topological 

factor of the one generated by 7- We can apply a t-code to a vector Toeplitz 

function 7 by applying it to 7/{1,2 ..... n} for some finite n. By an R-fac tor  of 7 we 

shall understand any R-limit of a sequence of so obtained images by t-codes (t 

may vary). 

A vector Toeplitz function is said to have the core if its first row is the core 

~/0. Clearly, i f7  has the core then (G F, r) is a topological factor of the dynamical 

system generated by 71z. Adding the core (as the new first row) to a vector 

Toeplitz function 7 results in an R-factor of 7. 

Similarly as for Toeplitz function over a finite alphabet (Lemma 3), an R-factor 

of a strictly ergodic vector Toeplitz function with core is strictly ergodic. 

LEMMA 9: There exists a strictly ergodic vector Toeplitz function ~cc with core, 

whose entropy is infinite. 

Proof: By the Jewett Krieger Theorem and Theorem 18 in [D-K], there exists a 

totally disconnected strictly ergodic realization of an infinite entropy weakly mix- 

ing system. Since such a system is disjoint from any odometer, its product with 

the odometer (G F, 7) remains strictly ergodic. By [D-L] we can find a minimal 

almost 1-1 extension (X, T) of (GF, 7) which is Borel* conjugate to that product, 

hence strictly ergodic with infinite entropy. Moreover, the construction in [D-L] 

starting from a totally disconnected system produces a totally disconnected sys- 

tem. Now, (X, T) can be represented as a subshift with countably many symbolic 

rows. Each row is a factor of (X, T), hence by Theorem 9.13 and Proposition 9.9 

in [F] (see also [D-D] for a direct proof) it is an ahnost 1-1 extension of a fac- 

tor of (G F, T), so the j t h  row can be represented as a system generated by a 

Toeplitz function ~j. Thus (X, T) is generated by the vector Toeplitz function 

7 := (rh, r/2,...). Since (G F, r) is a topological factor of (X, T), the Toeplitz 

function 7~  obtained by adding the core to 7 remains strictly ergodic. | 

For a given 7 and two finite subsets A1, A2 of N (usually both of them of the 

form {n, n + 1 , . . . ,  n + k}) we will consider measure-theoretic conditional entropy 

of the form h ( y ~  I~1 ) : =  h(~*A1uA~) -- hO?*Al )" We shall denote 

h1(7") := h(7/~), and 

hj(7*) :-- h(r/~l~7~,2, . . . , j - l t )  for j _> 2. 

LEMMA 10 (Selective lowering of entropy): Let 7 := 0/1,7/2 . . . .  ) be a strictly 

ergodic vector Toeplitz function. Fix two integers d and m, 1 _< m _< d. Then, 
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for every 5h > 0 and n <_ hm(7*) there exists an -R-factor 7' = (~/~,~/~,...) of 7 

within ~h distance from 7 (we mean the distance of measures), such that 

hj(7'*) = hj(7*) for l <_ j < m, 

hm(7 '* )  = 

Ihj(7'*) - hj(7*)[ < hh for m < j <_ d. 

Proof: Denote 7j := 7{1,2 ..... d}" It suffices to prove the theorem for y and find its 

appropriate R-factor ~ (with d rows). Then 7 ~ will be obtained by attaching to 

~/s the unchanged rows ~1~+1, ~ld+2 . . . .  of 7" 

By upper semi-continuity of the conditional entropy functions in expansive 

systems (see [D-S]), we can find (~ so small that any vector Toeplitz function 

~7' within ~ distance from ~ has all conditional entropies hj(~l ~*) (j = 1 . . . . .  d) 

smaller than the corresponding values for ~7 plus ~h/2d. Find an index t such 

that (1) and (3) of Fact 2 hold for e = ~ and no = Pt. 

The t-blocks of ~7[z can be written as triples [B,C,D], with B E 

Bt(~/{1,2 ..... m--l}),  C C Bt07,~), and D E Bt(~{m+l . . . . .  d}) (if m = 1 or m = d then 

B or D is the "empty" block, respectively). For each pair [B, C] let M([B, C]) 

be the number of available (in such triples) blocks D. We can label these blocks 

D (independently for each pair [B, C]) by natural numbers 1, 2 . . . . .  M([B, C]). 

Now, every t-block [B, C, D] can be encoded (injectively) as the triple [B, C, l], 

where I is the label of D given the pair [B, C]. Thus the Toeplitz sequence 

~7Jz has a conjugate representation as the Toeplitz sequence with m + 1 rows 

(~/{1,2 ..... m}[Z, J),  where J is a one-row sequence built of some additional t-blocks 

assigned bijectively to the labels l, for example of the form l, 1 . . . . .  1 (Pt times). 

For each B we pick one block C B such that M([B, CuD is maximal among all 

numbers M([B, C]). 

Now we build a new sequence 7flz (using the t-blocks of ~/Iz) with "inessential" 

ruth row and "unchanged" remaining rows: namely, in 7/we replace each t-block 

[B, C, l] by [B, C B, l] (since [B, C u] admits at least as many labels as [B, C] does, 

[B, C u, l] represents some t-block of ~7). Such a procedure is obviously a t-code, 

hence ~ is an R-factor of ~/. 

Clearly, the conditional entropies involving the first m -  1 rows of 77 ~ are the 

same as in ~/ (these rows are unchanged). Next, hm(~f*) = 0, because C B is 

determined by B. Note that the row J (in appropriate representation) has not 

changed, either. We have 

: l ~] {1,2 ..... rn}) = ~ ( J  J~]{1,2 ..... m - l } )  ..... d 17I ..... m)) h(J* ' *  
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By Fact 2 and because r/'lz is built of t-blocks of r/Iz, its measure r/'* is &close to 

r/*, hence all conditional entropies hj (r/*) are not larger than the corresponding 

entropies for r/ plus 6h/2d. Since their sum over j = m + 1 . . . .  ,d (equal to 

h(r/'~m+l ..... dI]r/'~l,2 ..... m})) has not dropped from the analogous sum for r/, none 

of the summands could drop by more than 6h/2. We have proved that,  for 

j = m +  l . . . . .  d, 

Ihy( r / ' * )  - hy( r /*) l  < 3h/2. 

Now we use Lemma 5 directly, to produce a mixture of r/and r/P with the required 

property h,~(r/~) = ~ (clearly, Lemma 5 holds also for conditional entropies). 
| 

We are in position to prove the second main theorem of this paper: 

THEOREM 2: Let K be a compact metrizable Choquet simplex, and let f be a 

non-negative anne  function appearing as a non-decreasing limit of u.s.c, functions 

on I (  ( f  may attain infinity). Then there exists a minimal totally disconnected 

dynamical system (K or) being an almost 1-1 extension of (Gg, r), and an a n n e  

(onto) homeomorphism ¢*: K ~ K(}\cr) ,  such that for every x E K,  f ( x )  = 

h(¢*(x)), where h denotes the entropy function on K(}:: a). 

Proof: It  is known (as a consequence of the Lebesgue-Hausdorff theorem, 

see [K]) that  every such function f can be represented as the series 

(X3 

j=1 

where each f j  is attine non-negative and u.s.c. Let ~ be the vector Toeplitz 

fimction of Lemma 9. It  will be convenient to enumerate the rows of ~ by 

0, 1, 2 . . . .  , so that  the core appears in the zero row. Since this row has entropy 

zero, it can be ignored in the calculations of conditional entropies. As ~ is 

strictly ergodic, we have the following divergent series of numbers, 

o o  

j=l 

By grouping the rows (if necessary) we can arrange that  

for each natural  j _> 1, where ~j is not smaller than the (finite) suprenmm of 

the function f j .  Each function f j  is then approximated by a strictly decreasing 
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sequence of affine continuous functions fj ,n, (n ~ 0), fl,O ~ h;1, fj,o < I,;j for 

j_>2. 
The rest of the proof is similar to the proof of Theorem 1. We will use the 

same tags to denote analogous formulas as in that proof. We skip some details 

(definitions of some constants) which are identical as before. For each n > 1 we 

can assume that 

(i) f j ,n - j+l  < f j , n - j  -- Pn-j  on Bn, 

for any 1 _< j _< n. 

Step 1: We pick some {0, and we construct the map ¢1 on exB1 into R-factors 

of ~o~ having for a given e E ex B1 the following rows: the row indexed - 1  

containing the core, the row indexed 0 containing 0e (this row is identical with 

the middle row in step 1 in the previous proof, and it has eountably many dis- 

continuities), and the rows 1, 2 , . . .  identical with the corresponding rows of ~ .  

The extended map ¢i is an affine homeomorphism (between B1 and its image). 

Moreover, fl,o(X) = hl(4)~(x)) and fj,o(X) < hj(¢~(x)) for each j > 2. 

Inductive assumption: Suppose for some n > 1 we have defined the map ¢~ from 

exB~ into R-factors of ~ having the core (in the first row indexed -1 ) ,  and 

with at most countably many discontinuities in the row indexed 0. Moreover, the 

rows with indices larger than n are the same as in ~ in every image On (e). We 

assume that the extended map ¢* is an affine homeomorphism on Bn satisfying 

(ii) f j , , ,+l- j(x)  < hj(O*(~r)) < fy.n-j(x) + p,~-j, 

for every 1 <_ j < n, and 

(ii') fn+l,0 < h,~+l(¢~*(x)) 

(these conditions are fulfilled for n = 1). Also, we suppose that a number (~-1 

has been chosen. 

Step n + 1: We proceed as in the proof of Theorem 1 except that we modify the 

choice of (,, by demanding (in addition to (iii)) that (iv) holds for hi(p),  f j ,n- j  
and Pn-j, for every 1 _< j < n (now p denotes any shift invariant measure over 

the countable product alphabet, hence hy (p) is well defined). An analogous mod- 

ification concerns the choice of 5; we demand that I f j ,n+l- j  (X) - - f j , n+l - j  (Y) I < e 
for each 1 _< j < n. 

Then the construction goes unchanged until Lemma 6 is quoted. In this place 

to each ~i := ¢-(e  i) we apply n + 1 times our selective lowering entropy lemma 
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(Lemma 10). More precisely, notice that now each ~i is a vector Toeplitz function 

(its rows should be denoted by ~?ij). We apply Lemma 10 to the vector Toeplitz 

functions Yi{L2 ..... n+l} with the index m ranging from 1 to n +  1, and then we fill 

the remaining rows -1 ,  0, n + 2, n + 3 , . . .  as they were in ~i. In this manner new 

Toeplitz functions ~)i are constructed. Lowering of the entropy is done consecu- 

tively for the entropies hi, h2 . . . . .  hn+l. In each step we use the inequality (ii) 

(or (ii ~) in the last step). The parameter 5h must be appropriately chosen so that 

the conditional entropies with larger indices still satisfy (ii) (or (ii')) after mod- 

ification. Recall that each step leaves the previously modified rows unchanged, 

so that we can set all conditional entropies precisely at the desired values: 

hj (~*) = fj,n+l_j(ei), 

j = 1,2 . . . .  ,n  + 1. Of course we can arrange that the distance between the 

measures ~ and 7)~ is at most ~. Observe that the conditional entropies hj(~*) 

h - *  (j _> n + 2) are not smaller than the corresponding values j (~i), because we 

have replaced the first n + 1 rows by their R-factors, and we have not changed 

the further rows. This will ensure that (ii ~) will hold in the next steps. 

In the rest of the proof we introduce the following changes: 

(vi) 

(vii') 

h j (~n (8 ) )  : f j , n - k l - j (8 )  for ] ~ j _< n + 1, 

Ih j (¢*  (s)) - h j (g ,*(s ) )  I <_ e for l < j < n + l .  

The next change has only a formal character: to obtain an injective map we 

modify the row indexed 0 (it used to be the middle row in the previous proof), 

but the modification is exactly the same. From this point on the proof goes 

unchanged until the final estimates for entropy (three lines below the formula (x)). 

We write the same estimates but now they concern the functions fj.,~+l-j and 

hj for 1 _< j _< n + 1. As a result, hj (¢*(x)) = f j (x )  for every j _> 1 and x C K. 

Stages 3 and 4 of the proof are identical as in the previous proof, except that 

the resulting system (1~: a) is no longer expansive (but still totally disconnected) 

and it remains so after the application of Fact 1. | 

In fact we have proved more than stated in Theorem 2: 

THEOREM 3: Let h" be a compact metrizable Choquet simplex, and let (fj)jCN 
be a sequence of non-negative aIfine u.s.c, functions on t( .  Then there exists 

a minimal totally disconnected dynamical system (}:, T) being an almost 1-1 

extension of (G~, v), in the form of an inverse limit of subshifts over some finite 

alphabets: (Y,T)  =- i~mj(~,(7), and an attine (onto) homeomorphism ¢*: K ~+ 
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I ( (Y,  T), such that f j  coincides (via 0") with the conditional entropy function 

h(pj [Yj-I), where #j is the projection of an invariant measure # on (~, T) onto 

the factor 1~. 

Proo f  For complete proof of the above statement it is enough to observe that  

Fact 1 maintains the inverse limit representation of a totally disconnected system, 

i.e., its application to an inverse limit (X, T) ..e-- = Iimj (Xj ,  a) produces a system 

(][: T) identical with the inverse limit l~mj()~, a),  where ( ~ ,  a) are the symbolic 

systems obtained via Fact 1 from (X j ,a ) .  | 
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